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Abstract
The five-dimensional (5D) Riemannian Go¨del-type manifolds are examined in
light of the equivalence problem techniques, as formulated by Cartan. The nec-
essary and sufficient conditions for local homogeneity of these 5D manifolds are
derived. The local equivalence of these homogeneous Riemannian manifolds is
studied. It is found that they are characterized by two essential parameters m2
and ω : identical pairs (m2, ω) correspond to locally equivalent 5D manifolds. An
irreducible set of isometrically nonequivalent 5D locally homogeneous Riemannian
Go¨del-type metrics are exhibited. A classification of these manifolds based on the
essential parameters is presented, and the Killing vector fields as well as the cor-
responding Lie algebra of each class are determined. It is shown that apart from
the (m2 = 4ω2, ω 6= 0) and (m2 6= 0, ω = 0) classes the homogeneous Rieman-
nian Go¨del-type manifolds admit a seven-parameter maximal group of isometry
(G7). The special class (m
2 = 4ω2, ω 6= 0) and the degenerated Go¨del-type class
(m2 6= 0, ω = 0) are shown to have a G9 as maximal group of motion. The break-
down of causality in these classes of homogeneous Go¨del-type manifolds are also
examined.
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1 Introduction
Kaluza-Klein-type theories in five and more dimensions has been of notable interest
in several contexts. In the framework of gauge theories they have been used in the quest
for unification of the fundamental interactions in physics. The idea that the various
interactions in nature might be unified by enlarging the dimensionality of the space-
time, has a long and honourable history that goes back to the works of Nordstro¨m,
Kaluza and Klein [1] – [3]. Its earlier adherents were mainly interested in extending
general relativity, but a late increased interest has been apparent in the particle physics
community, especially among those investigating supersymmetry.
The possibility that space-time has more than four dimensions has also received much
attention regarding its cosmological aspects. Investigation has been focused on attempts
to understand, for example, why the universe presently appears to have only four space-
time dimensions, and whether it is a higher dimensional dynamically evolving manifold —
the space-time expands while the extra dimensions contract or remain constant. The first
cosmological model in which the extra dimension contracts as a result of the cosmological
evolution was proposed by Chodos and Detweiler [4]. Since then, a great deal of work has
emerged along this line of research, particularly as regards exact solutions of Einstein’s
equations, entropy production during the contracting process [5], resolution of the horizon
and flatness problems [6], and the like (see [7] and references therein).
From a purely technical viewpoint higher-dimensional Kaluza-Klein-type theories have
also been used as a way of finding new exact solutions of Einstein’s equations in four
dimensions [8] – [10].
More recently Wesson [11] – [13] has given a new impetus to the study of (4+1)-gravity
2
by investigating a five-dimensional extension of general relativity with a variable rest
mass (see also [14] and [15]). In this theory we have space-time-mass (STM) Riemannian
manifolds, and the fifth dimension is a convenient mathematical way of geometrizing
the rest mass and of allowing one to study the possibility that it may be variable. The
four-dimensional (4D) general relativity theory is recovered when the rate of change of
the rest mass is zero. Ever since the foundations of this Kaluza-Klein-type STM theory
were laid, there have been investigations on its potentialities and physical consequences,
particularly as concerns its consistency with Mach’s principle [16], causality conditions
and inflation [14, 17], confrontation between theory and observation [18, 19], and the
solutions of its field equations [15].
In 1949 Go¨del found a solution of Einstein’s field equations with cosmological constant
for incoherent matter with rotation [20]. Owing to its striking properties, the cosmological
solution presented by Go¨del has a well-recognized importance and has to a large extent
motivated the investigations on rotating cosmological space-times within the framework
of general relativity. Particularly, the search for rotating Go¨del-type space-times has
received a good deal of attention in recent years, and the literature on these geometries
is fairly large today see [21] – [34] and references therein).
However, the general problem of space-time local homogeneity (ST homogeneity, here-
after [35]) of four-dimensional Riemannian manifolds endowed with a Go¨del-type met-
ric was considered for the first time only in 1980 by Raychaudhuri and Thakurta [36].
They found the necessary conditions for ST homogeneity of these manifolds. Three years
later, Rebouc¸as and Tiomno [37] proved that Raychaudhuri-Thakurta necessary condi-
tions are also sufficient for ST homogeneity of Go¨del-type manifolds. However, in both
articles [36, 37] the study of ST homogeneity is limited in that only time-independent
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Killing vector fields were considered [38]. The Raychaudhuri-Thakurta-Rebouc¸as-Tiomno
conditions were finally proved to be the necessary and sufficient conditions for a Go¨del-
type manifold to be ST homogeneous without assuming any such simplifying hypothesis
in [39], where the powerful equivalence problem techniques for Riemannian space-times,
as formulated in terms of spinors by Karlhede [40] and embodied in a suite of computer
algebra programs called classi [41] written in sheep [42], were used.
In the light of the equivalence problem techniques, as formulated by Cartan [43] and
using classi, we extend these investigations by examining a class of five-dimensional (5D)
Riemannian Go¨del-type manifolds. The necessary and sufficient conditions for local ho-
mogeneity of these 5D manifolds are derived. The local equivalence of these homogeneous
space-time-mass Riemannian manifolds is discussed; they are found to be characterized
by two essential parameters m2 and ω: identical pairs (m2, ω) correspond to locally
equivalent STM manifolds. An irreducible set of isometrically nonequivalent 5D homoge-
neous Riemannian Go¨del-type metrics are exhibited. A classification of these manifolds
based on the essential parameters is presented, and the Killing vector fields as well as
the corresponding Lie algebra of each class are determined. We show that apart from the
(m2 = 4ω2, ω 6= 0) and (m2 6= 0, ω = 0) classes the 5D locally homogeneous Rieman-
nian Go¨del-type manifolds have a seven-parameter maximal group of isometry (G7). The
special class (m2 = 4ω2, ω 6= 0) and the degenerated Go¨del-type class (m2 6= 0, ω = 0)
are shown to admit a G9 as maximal group of motion. The breakdown of causality in
these classes of homogeneous Go¨del-type manifolds is also examined and shown to have
the same basic features of the corresponding 4D counterparts.
To close this introduction, we should like to emphasize that although the STM Wes-
son’s theory of gravitation is often referred to, the results of the following sections hold
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for any five-dimensional Riemannian Go¨del-type manifold regardless of the underlying 5D
Kaluza-Klein-type theory[44] – [47] one may be concerned with.
2 Homogeneity, Irreducible Set and Causality
The arbitrariness in the choice of coordinates in the geometric theories of gravitation
gives rise to the problem of deciding whether or not two Riemannian manifolds whose
metrics g and g˜ are given explicitly in terms of coordinates, viz.,
ds2 = gµν dx
µ dxν and ds˜2 = g˜µν dx˜
µ dx˜ν , (2.1)
are locally the same. This is the so-called equivalence problem (see Cartan [43] for the local
equivalence of n-dimensional Riemannian manifolds, Karlhede [40] and MacCallum [42,
48, 49] for the special case n = 4 of general relativity).
The Cartan solution [43] to the equivalence problem for Riemannian manifolds can
be reworded as follows. Two n-dimensional Lorentzian Riemannian manifolds M and
M˜ are locally equivalent if there exist coordinate and generalized n-dimensional Lorentz
transformations such that the following algebraic equations relating the frame components
of the curvature tensor and their covariant derivatives:
RABCD = R˜
A
BCD ,
RABCD;M1 = R˜
A
BCD;M1 ,
RABCD;M1M2 = R˜
A
BCD;M1M2
,
...
RABCD;M1...Mp+1 = R˜
A
BCD;M1...Mp+1
(2.2)
are compatible as equations in
(
xµ, ξA
)
. Here and in what follows we use a semicolon
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to denote covariant derivatives. Note that xµ are coordinates on the manifold M while
ξA parametrize the group of allowed frame transformations [n-dimensional generalized
Lorentz group usually denoted [50] by O(n − 1, 1) ]. Reciprocally, equations (2.2) imply
local equivalence between the n-dimensional manifolds M and M˜ .
In practice, a fixed frame is chosen to perform the calculations so that only coordinates
appear in the components of the curvature tensor, i.e. there is no explicit dependence on
the parameters ξA of the generalized Lorentz group.
Another important practical point to be considered, once one wishes to test the local
equivalence of two Riemannian manifolds, is that before attempting to solve eqs. (2.2)
one can extract and compare partial pieces of information at each step of differentiation
as, for example, the number {t0, t1, . . . , tp} of functionally independent functions of the
coordinates xµ contained in the corresponding set
Ip = {R
A
BCD , R
A
BCD;M1
, RABCD;M1M2 , . . . , R
A
BCD;M1M2...Mp
} , (2.3)
and the isotropy subgroup {H0, H1, . . . , Hp} of the symmetry group Gr under which the
set corresponding Ip is invariant. They must be the same for each step q = 0, 1, · · · , p if
the manifolds are locally equivalent.
In practice it is also important to note that in calculating the curvature and its covari-
ant derivatives, in a chosen frame, one can stop as soon as one reaches a step at which the
pth derivatives (say) are algebraically expressible in terms of the previous ones, and the
residual isotropy group (residual frame freedom) at that step is the same isotropy group of
the previous step, i.e. Hp = H(p−1). In this case further differentiation will not yield any
new piece of information. Actually, if Hp = H(p−1) and, in a given frame, the p
th deriva-
tive is expressible in terms of its predecessors, for any q > p the qth derivatives can all be
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expressed in terms of the 0th, 1st, · · ·, (p−1)th derivatives [43, 51, 42]. As in the worst case
we have only one functionally independent function of the coordinates xµ at each step of
the differentiation process, and the generalized Lorentz group has n(n−1)/2 independent
parameters, it follows that for five-dimensional Riemannian manifolds p+ 1 ≤ 15.
Since there are tp essential coordinates, in 5D clearly 5 − tp are ignorable, so the
isotropy group will have dimension s = dim (Hp), and the group of isometries of the
metric will have dimension r given by(see Cartan [43])
r = s+ 5− tp , (2.4)
acting on an orbit with dimension
d = r − s = 5− tp . (2.5)
The line element of the five-dimensional Riemannian Go¨del-type manifolds M5 we are
concerned with in this work is given by
ds2 = dt2 + 2H(x) dt dy − dx2 −G(x) dy2 − dz2 − du2 , (2.6)
where H(x) and G(x) are arbitrary real functions of x, and the five STM coordinates
clearly are t, x, y, z, u. As a matter of fact, to ensure the local Lorentzian character of
(2.6) one has to require that H2(x) + G (x) > 0. At an arbitrary point of M5 one can
choose the following set of linearly independent one-forms θA:
θ0 = dt+H(x) dy , θ1 = dx , θ2 = D(x) dy , θ3 = dz , θ4 = du , (2.7)
such that the Go¨del-type line element (2.6) can be written as
ds2 = ηAB θ
A θB = (θ0)2 − (θ1)2 − (θ2)2 − (θ3)2 − (θ4)2 , (2.8)
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where D2(x) = G + H2. Here and in what follows capital letters are pentad indices (or
Lorentz frame indices) and run from 0 to 4; they are raised and lowered with Lorentz
matrices ηAB = ηAB = diag(+1,−1,−1,−1,−1), respectively.
Using as input the one-forms (2.7) and the Lorentz frame (2.8), the computer algebra
package classi gives the following nonvanishing Lorentz frame components RABCD of the
curvature:
R0101 = R0202 = −
1
4
(
H ′
D
)2
, (2.9)
R0112 =
1
2
(
H ′
D
)
′
, (2.10)
R1212 =
D′′
D
−
3
4
(
H ′
D
)2
, (2.11)
where the prime denotes derivative with respect to x.
For STM homogeneity from eq. (2.5) one must have tq = 0 for q = 0, 1, · · · p, that
is, the number of functionally independent functions of xµ in the set Ip must be zero.
Therefore, from eqs. (2.9) – (2.11) we conclude that for STM homogeneity it is necessary
that
H ′
D
= const ≡ − 2ω , (2.12)
D′′
D
= const ≡ m2 . (2.13)
We shall now show that the above necessary conditions are also sufficient for STM
local homogeneity. Indeed, under these conditions the nonvanishing frame components of
the curvature reduce to
R0101 = R0202 = −ω
2 , (2.14)
R1212 = m
2 − 3ω2 . (2.15)
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Following Cartan’s method for the local equivalence, we next calculate the first covari-
ant derivative of the Riemann tensor. Now one obtains the following non-null covariant
derivatives of the curvature:
R0112;1 = R0212;2 = ω (m
2 − 4ω2) . (2.16)
As the first covariant derivative of the curvature is algebraically expressible in terms of
the Riemann tensor and for a given pair (m2, ω) the isotropy group H1 is the same as H0
(see next paragraph), no new covariant derivative of the curvature should be calculated.
Clearly one also has t0 = t1 = 0.
As far as the dimension of the residual isotropy group is concerned we distinguish two
different classes of locally homogeneous 5D Go¨del-type Riemannian manifolds, according
to the relevant parameters m2 and ω, namely [52]
(i) m2 6= 4ω2 and ω 6= 0 for which dim (H0) = dim (H1) = 2 ;
(ii) m2 = 4ω2 with ω 6= 0, and the degenerated Go¨del-type manifolds m2 6= 0 and
ω = 0. Here one has dim (H0) = dim (H1) = 4 .
Thus, from eqs. (2.4) and (2.5) one finds that the locally homogeneous 5D Riemannian
Go¨del-type manifolds admit a (local) Gr, with either r = 7 or r = 9, acting on an orbit
of dimension 5, that is on the whole STM manifold.
The above results can be collected together in the following theorems:
Theorem 1 The necessary and sufficient conditions for a five-dimensional Riemannian
Go¨del-type manifold to be locally homogeneous are those given by equations (2.12) – (2.13).
Theorem 2 The five-dimensional locally homogeneous Riemannian Go¨del-type manifolds
admit group of isometry Gr with
(i) r = 7 if m2 6= 4ω2 and ω 6= 0;
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(ii) r = 9 if m2 = 4ω2 with ω 6= 0, or when m2 6= 0 and ω = 0.
Theorem 3 The five-dimensional homogeneous Riemannian Go¨del-type manifolds are
locally characterized by two independent parameters m2 and ω: identical pairs (m2, ω)
specify locally equivalent manifolds.
We remark that the particular case m2 = ω = 0 has not been included in our study
inasmach as, from (2.14) and (2.15), it is clearly the 5D flat manifold.
We shall now be concerned with the irreducible set of isometrically nonequivalent
homogeneous Go¨del-type metrics. To this end, we distinguish four classes of metrics
according to:
Class I : m2 > 0, ω 6= 0. For this case, the general solution of (2.12) and (2.13) can
be written as
D(x) = a0 e
mx + a1 e
−mx and H(x) = −
2ω
m
(a0 e
mx − a1 e
−mx) + a2 , (2.17)
where a0, a1 and a2 are arbitrary constants. According to the above theorem (3), the
constants a0, a1 and a2 are not essential. In other words they can be eliminated by
coordinate transformations. Indeed, if one performs the coordinate transformation u′ = u
and successively the transformations (3.10), (3.15) and (3.16) of [37] one finds that the
line element for this class of homogeneous Go¨del-type manifolds is brought into the form
ds2 = [ dt+H(r) dφ ]2 −D2(r) dφ2 − dr2 − dz2 − du2 (2.18)
in cylindrical coordinates (r, φ, z), where
H(r) =
2ω
m2
[1− cosh (mr)] and D(r) =
1
m
sinh (mr) . (2.19)
Class II : m2 = 0, ω 6= 0. For this case, the general solution of (2.12) and (2.13) is
D(x) = b0 x− b1 and H(x) = −ω x (b0x− 2b1) + b2 , (2.20)
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where b0, b1 and b2 are arbitrary constants. By trivial coordinate transformations the line
element for this class can be brought to the form (2.18) but now with
H(r) = −ω r2 and D(r) = r , (2.21)
where only the essential parameter ω appears (m2 = 0, for this class).
Class III : m2 ≡ −µ2 < 0, ω 6= 0. Similarly for this class, the integration of the
conditions for homogeneity (2.12) and (2.13) leads to
D(x) = c0 sin (µx) + c1 cos (µx) and H(x) =
2ω
µ
[ c0 cos (µx)− c1 sin (µx) ] + c2 .
(2.22)
Here again the non-essential constants c0, c1 and c2 can be eliminated by coordinate trans-
formations so that the line element for this class reduces to (2.18) with
H(r) =
2ω
µ2
[cos (µr)− 1] and D(r) =
1
µ
sin (µr) . (2.23)
Class IV : m2 6= 0, ω = 0. We refer to the manifolds of this class as degenerated
Go¨del-type manifolds, since the cross term in the line element, related to the rotation ω
in Go¨del model, vanishes. By a trivial coordinate transformation one can make H = 0
with D(r) given, respectively, by (2.19) or (2.23) depending on whether m2 > 0 or m2 ≡
−µ2 < 0.
In three out of the above four classes of homogeneous Go¨del-type manifolds there are
closed timelike curves. Indeed, the Go¨del’s analysis for 4D manifolds can be extended to
the 5D manifolds in a straightfoward way to prove this. To this end, we write the line
element (2.18) as
ds2 = dt2 + 2H(r) dt dφ− dr2 −G(r) dφ2 − dz2 − du2 , (2.24)
where G(r) = D2 −H2 and (r, θ, φ) are cylindrical coordinates.
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The existence of closed timelike curves of the Go¨del-type depends on the behavior of
G(r). Indeed, if G(r) < 0 for a certain range of r (r1 < r < r2, say), Go¨del’s circles [53]
u, t, z, r = const are closed timelike curves.
It is, therefore, easy to show that for the above class II there is a critical radius
rc, defined by |ω| rc = 1, such that for rc < r < ∞ the circles u, t, z = const and
r = const > rc are closed timelike curves. So there is breakdown of causality for this
class.
For the class III noncausal Go¨del circles occur depending on the root rn of the equation
sin2
[
µrn
2
]
=
[
1 +
4ω2
µ2
]
−1
≤ 1 . (2.25)
Thus, for this class there are alternatively causal and noncausal regions (circular rings)
in the surfaces u, t, z = const.
For the class I if m2 < 4ω2 the noncausal Go¨del circles occur for r > r1, where
sinh2
[
mr1
2
]
=
[
1 +
4ω2
m2
]
−1
≥ 1 . (2.26)
However, form2 ≥ 4ω2 then G(r) > 0 and there is no breakdown of causaly of Go¨del-type.
As a matter of fact, following Calva˜o’s reasoning [53] one can show that: (a) although
causal, the m2 = 4ω2 manifolds are not stably causal [50], that is, an arbitrary small
perturbation of this metric gives rise to causality violation; (b) the family m2 > 4ω2 is
stably causal, which means that the causal properties of this family are invariant under
arbitrary small perturbation of its metrics. We remark that Calva˜o’s approach holds only
if the 5D homogeneous Riemannian Go¨del-type manifolds are endowed with the topology
of R5.
Finally, for the degenerated Go¨del-type geometries (class IV), as G(r) = D2 > 0 there
is no closed timelike curves of Go¨del type.
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3 Isometries
In this section we shall be concerned with the isometries of the homogeneous 5D
Riemannian Go¨del-type manifolds, whose line element (2.18) can be brought into the
Lorentzian form (2.8) but now with the one-forms θA given by
θ0 = dt+H(r) dφ , θ1 = dr , θ2 = D(r) dφ , θ3 = dz , θ4 = du , (3.1)
where the functions H(r) and D(r) are given by (2.19), (2.21) or (2.23) depending on the
sign of m2.
Denoting the coordinate components of a generic Killing vector field K by Kµ ≡
(Q,R, S, Z, U), where Q,R, S, Z and U are functions of all coordinates t, r, φ, z, u, then
the fifteen Killing equations
K(A;B) ≡ KA;B +KB;A = 0 (3.2)
can be written in the Lorentz frame (2.8) – (3.1) as
Tt = 0 , Tz − Zt = 0 , (3.3)
Rr = 0 , Zr +Rz = 0 , (3.4)
Zz = 0 , (3.5)
D (Tr − Rt)−HrP = 0 , (3.6)
DPz + Zφ −HZt = 0 , (3.7)
Tφ +HrR −DPt = 0 , (3.8)
Rφ −HRt −DrP +DPr = 0 , (3.9)
Pφ −HPt +DrR = 0 , (3.10)
Tu − Ut = 0 , (3.11)
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Ru + Ur = 0 , (3.12)
DPu −HUt + Uφ = 0 , (3.13)
Uz + Zu = 0 , (3.14)
Uu = 0 , (3.15)
where the subscripts denote partial derivatives, and where we have made
T ≡ H S +Q and P ≡ DS (3.16)
to make easier the comparison and the use of the results obtained in [38]. To this end
we note that in the present form the equations (3.3) – (3.10) are formally identical to the
Killing equations (4) to (11) of [38]. However, in the above equations (3.3) – (3.10) the
functions T,R, P, Z depend additionally on the fifth coordinate u. Taking into account
this similitude, the integration of the Killing equations (3.3) – (3.15) can be obtained in
two steps as follows. First, by analogy with (4) to (11) of [38] one integrates (3.3) – (3.10),
but at this step instead of the integration constants one has integration functions of the
fifth coordinate u. Second, one uses the remaining eqs. (3.11) – (3.15) to achieve explicit
forms for these integration functions and to obtain the last component U of K.
In what follows we shall use the above two-steps procedure to integrate the Killing
equations (3.3) – (3.15) for the class I of the section 2 in details. However, for the sake
of brevity, for the remaining classes we shall only present the Killing vector fields and
the corresponding Lie algebras without going into details of calculation, which can be
similarly obtained, or simply verified by using the computer algebra program killnf,
written in classi by A˚man [41], with further extensions by MacCallum [42]. As a matter
of fact, even the Killing equations (3.3) – (3.15) have been achieved by using killnf.
Class I : m2 > 0, ω 6= 0. In the integration of the Killing equation for this general class
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one is led to distinguish two different classes of solutions depending on whether m2 6= 4ω2
or m2 = 4ω2. We shall refer to these subclasses as classes Ia and Ib, respectively.
Class Ia : m2 > 0, m2 6= 4ω2. According to the above two-steps procedure, from
(3.16) and according to eqs. (36) – (39) of [38] one finds
Q = α + 2ω (γ Dr + δ D sinφ+ ǫD cosφ)
+
H
D
(
γ m2D + δ Dr sinφ+ ǫDr cosφ
)
, (3.17)
R = δ cosφ− ǫ sin φ , (3.18)
S = − γ m2 −
Dr
D
(δ sin φ+ ǫ cosφ) , (3.19)
Z = β , (3.20)
U = U(t, r, φ, z, u) , (3.21)
where α, β, γ, δ and ǫ are integration functions of the fifth coordinate u.
From (3.14) and (3.15) one finds
β = κ7 u+ κ2 , (3.22)
U = −κ7 z + ζ(t, r, φ) , (3.23)
where κ2 and κ7 are arbitrary constants and ζ(t, r, φ) is an arbitrary function.
Equation (3.12) can now be used to obtain the integration functions δ and ǫ and to
simplify the expression of U . In doing so one finds
δ = δ0 u+ κ4 , ǫ = ǫ0 u+ κ5 , (3.24)
U = −κ7 z − δ0 r cos φ+ ǫ0 r sin φ+ ν(t, φ) , (3.25)
where δ0, ǫ0, κ4, κ5 are constants and ν (t, φ) is an arbitrary function.
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Finally, equations (3.11) and (3.12) give the remaining integration functions α, γ and
reduce the functions δ, ǫ and U to
γ = const ≡ m−1 κ3 , α = const ≡ κ1 , (3.26)
δ = κ4 , ǫ = κ5 , U = −κ7 z + κ6 , (3.27)
where κ6 is a new arbitrary constant.
Inserting (3.22) and (3.26) – (3.27) into (3.17) – (3.21) and using (2.19) one obtains
Q = κ1 +
2ω
m
κ3 −
H
D
(κ4 sinφ+ κ5 cosφ) , (3.28)
R = κ4 cos φ− κ5 sinφ , (3.29)
S = −κ3m−
Dr
D
(κ4 sin φ+ κ5 cos φ) , (3.30)
Z = κ7 u+ κ2 , (3.31)
U = −κ7 z + κ6 . (3.32)
Thus, in the coordinate basis in which as (2.18) is given, a set of linearly independent
Killing vector fields KN (N is an enumerating index) can be written as
K1 = ∂t , K2 = ∂z , K3 =
2ω
m
∂t −m∂φ , (3.33)
K4 = −
H
D
sinφ ∂t + cos φ ∂r −
Dr
D
sinφ ∂φ , (3.34)
K5 = −
H
D
cosφ ∂t − sinφ ∂r −
Dr
D
cosφ ∂φ , (3.35)
K6 = ∂u , K7 = u ∂z − z ∂u . (3.36)
The Lie algebra has the following nonvanishing commutators:
[K2, K7] = −K6 , [K3, K4] = −mK5 , (3.37)
[K3, K5] = mK4 , [K4, K5] = mK3 , (3.38)
[K6, K7] = K2 . (3.39)
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So, the corresponding algebra is LIa = t
2⊂+ so (2) ⊕ τ ⊕ so (2, 1). The semi-direct sum
of sub-algebras t2⊂+ so (2) corresponds to the translations K2 and K6, and the rotation
K7. The symbol τ is associated to the time translation K1. Finally, the infinitesimal
generators of sub-algebra so (2, 1) are K3, K4 and K5.
Class Ib : m2 = 4ω2 , ω 6= 0. For this class, using the results of [38] and (3.16) one
finds
Q = α + γ −
H
D
(δ sinφ+ ǫ cosφ)−
H
D
[η sin(mt + φ) + ξ cos(mt + φ)] , (3.40)
R = δ cosφ− ǫ sinφ+ ξ sin(mt + φ)− η cos(mt + φ) , (3.41)
S = −γ m−
Dr
D
(δ sinφ+ ǫ cosφ) +
1
D
[η sin(mt + φ) + ξ cos(mt + φ)] , (3.42)
Z = Z(u) , (3.43)
U = U(t, r, φ, z, u) , (3.44)
where α, γ, δ, ǫ, ξ and η are (new) integration functions of the fifth coordinate u.
Again, from (3.14) and (3.15) one finds
Z = k8 u+ k2 , (3.45)
U = − k8 z + χ (t, r, φ) , (3.46)
where k2 and k8 are arbitrary constants and χ(t, r, φ) is an arbitrary function.
Similarly to the class Ia, eqs. (3.12) can be used to obtain a first expression for the
integration functions ξ, η δ, ǫ, and to reduce U according to
ξ = ξ0 u+ k6 , η = η0 u+ k7 , (3.47)
δ = δ0 u+ k4 , ǫ = ǫ0 u+ k5 , (3.48)
U = −k8 z + r [−δ0 cosφ+ ǫ0 sinφ− ξ0 sin(mt + φ) + η0 cos(mt+ φ)] + σ (t, φ) , (3.49)
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where ξ0, η0, δ0, ǫ0, k4, · · · , k7 are constants, and σ (t, φ) is an arbitrary function.
Equations (3.11) and (3.12) give the remaining integration functions α, γ and reduce
the functions ξ, η, δ, ǫ and U to
ξ = k6 , η = k7 , γ = const ≡ k3 , α = const ≡ k1 , (3.50)
δ = k4 , ǫ = k5 , U = − k8 z + k9 , (3.51)
where k9 is a new arbitrary constant.
Inserting (3.45) and (3.50) – (3.51) into (3.40) – (3.44) one obtains
Q = k1 + k3 −
H
D
(k4 sin φ+ k5 cosφ)−
H
D
[k7 sin(mt+ φ) + k6 cos(mt+ φ)] , (3.52)
R = k4 cos φ− k5 sinφ+ k6 sin(mt + φ)− k7 cos(mt+ φ) , (3.53)
S = −k3m−
Dr
D
(k4 sin φ+ k5 cos φ) +
1
D
[k7 sin(mt + φ) + k6 cos(mt + φ)] , (3.54)
Z = k8 u+ k2 , (3.55)
U = − k8 z + k9 , (3.56)
which give rise to the Killing vector fields
K1 = ∂t , K2 = ∂z , K3 = ∂t −m∂φ , (3.57)
K4 = −
H
D
sin φ ∂t + cosφ ∂r −
Dr
D
sinφ ∂φ , (3.58)
K5 = −
H
D
cosφ ∂t − sin φ ∂r −
Dr
D
cos φ ∂φ , (3.59)
K6 = −
H
D
cos(mt+ φ) ∂t + sin(mt + φ) ∂r +
1
D
cos(mt + φ) ∂φ , (3.60)
K7 = −
H
D
sin(mt + φ) ∂t − cos(mt + φ) ∂r +
1
D
sin(mt + φ) ∂φ , (3.61)
K8 = u ∂z − z ∂u , K9 = ∂u , (3.62)
whose Lie algebra is given by
[K1, K6] = −mK7 , [K1, K7] = mK6 , [K2, K8] = −K9 , (3.63)
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[K3, K4] = −mK5 , [K3, K5] = mK4 , [K4, K5] = mK3 , (3.64)
[K6, K7] = mK1 , [K8, K9] = −K2 . (3.65)
So, the corresponding algebra for this case is LIb = t
2⊂+ so (2)⊕ so (2, 1)⊕ so (2, 1). The
semi-direct sum t2⊂+ so (2) comprises the translations K2 and K9, and the rotation K8,
while the two sub-algebras so (2, 1) are generated by the Killing vector fields K1, K6, K7
and K3, K4, K5.
Class II : m2 = 0, ω 6= 0. Similarly for this class, using (2.21) and the results of [37]
the above two-steps procedure gives rise to the following Killing vector fields:
K1 = ∂t , K2 = ∂z , K3 = ∂φ , (3.66)
K4 = −ω r sin φ ∂t − cos φ ∂r +
1
r
sinφ ∂φ , (3.67)
K5 = −ω r cosφ ∂t + sinφ ∂r +
1
r
cosφ ∂φ , (3.68)
K6 = u ∂z − z ∂u , K7 = ∂u . (3.69)
The Lie algebra has the following nonvanishing commutators:
[K2, K6] = −K7 , [K3, K4] = K5 , (3.70)
[K3, K5] = −K4 , [K4, K5] = 2ωK1 , (3.71)
[K6, K7] = −K2 . (3.72)
Therefore, the corresponding algebra for this case is LII = t
2⊂+ so (2) ⊕ L4. The semi-
direct sum of sub-algebras corresponds here to the translations K2 and K7, and the
rotation K6. The sub-algebra L4 is generated by K1, K3, K4 and K5. This algebra L4
is soluble and does not contain abelian 3D sub-algebras; it is classified as type III with
q = 0 by Petrov [54].
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Class III : m2 ≡ −µ2 < 0, ω 6= 0. Again for this class using (2.23) and [38], the
above outlined two-step procedure furnishes
K1 = ∂t , K2 = ∂z , K3 =
2ω
µ
∂t + µ ∂φ , (3.73)
K4 = −
H
D
sinφ ∂t + cos φ ∂r −
Dr
D
sinφ ∂φ , (3.74)
K5 = −
H
D
cosφ ∂t − sinφ ∂r −
Dr
D
cosφ ∂φ , (3.75)
K6 = u ∂z − z ∂u , K7 = ∂u . (3.76)
The Lie algebra has the following nonvanishing commutators:
[K2, K6] = −K7 , [K3, K4] = µK5 , (3.77)
[K3, K5] = −µK4 , [K4, K5] = µK3 , (3.78)
[K6, K7] = −K2 . (3.79)
Thus, the corresponding algebra for this case is LIII = t
2⊂+ so (2) ⊕ τ ⊕ so (3). The
semi-direct sum of sub-algebras corresponds again to the translations K2 and K7, and the
rotation K6. Here τ is associated to the Killing vector field K1, whereas to the sub-algebra
so (3) correspond K3, K4 and K5.
Class IV : m2 6= 0, ω = 0. This class corresponds to the so-called degenerated Go¨del-
type manifolds. By a similar procedure one obtains for this class the following Killing
vector fields:
K1 = ∂t , K2 = ∂z , K3 = z ∂t + t ∂z , (3.80)
K4 = cosφ ∂r −
Dr
D
sin φ ∂φ , (3.81)
K5 = − sin φ ∂r −
Dr
D
cos φ ∂φ , K6 = ∂φ , (3.82)
K7 = u ∂z − z ∂u , K8 = u ∂t + t ∂u , K9 = ∂u , (3.83)
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where D(r) = (1/m) sinhmr for m2 > 0 , or D(r) = (1/µ) sinµr for m2 ≡ −µ2 < 0. The
Lie algebra has the following nonvanishing commutators:
[K1, K3] = K2 , [K1, K8] = K9 , [K2, K3] = K1 , (3.84)
[K2, K7] = −K9 , [K3, K7] = −K8 , [K3, K8] = −K7 , (3.85)
[K4, K5] = −m
2K6 , [K4, K6] = −K5 , [K5, K6] = K4 , (3.86)
[K7, K8] = −K3 , [K7, K9] = −K2 , [K8, K9] = −K1 , (3.87)
where one should substitute −m2 by µ2 if m2 < 0. So, when m2 > 0 the corresponding
algebra is LIV = t
3⊂+ so (2, 1) ⊕ so (2, 1), where to t3 correspond K1, K2 and K9. The
infinitesimal generators of so (2, 1) in the semi-direct sum are K3, K7 and K8, while to the
other so (2, 1) correspond K4, K5 and K6. When m
2 < 0 the algebra associated to K4, K5
and K6 is so (3), instead.
It is worth noting that none of the above Lie algebras is semi-simple, but some of their
sub-algebras are. Besides, most of the simple sub-algebras are non-compact. The 3D
sub-algebra so (3) present in the cases LIII and LIV with m
2 < 0 are compact, though.
We have therefore succeeded in finding the maximal group of motions of all classes
of 5D homogeneous Riemannian Go¨del-type manifolds we have studied in the previous
section.
Equations (3.33) – (3.36), (3.57) – (3.62), (3.66) – (3.69), (3.73) – (3.76), and (3.80) –
(3.83) make explicit that the 5D locally homogeneous Riemannian Go¨del-type manifolds
admit maximal group of isometry Gr with: (a) r = 7 if m
2 6= 4ω2 and ω 6= 0; or (b)
r = 9 if m2 = 4ω2 with ω 6= 0, or when m2 6= 0 and ω = 0, in agreement with theorem 2
of the previous section. Actually the integration of the Killing equations constitutes a
different way of deriving that theorem. Furthermore, these equations also show that the
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isotropy subgroup H of Gr is such that dim (H) = 2 for m
2 6= 4ω2 and ω 6= 0, while for
m2 = 4ω2 with ω 6= 0 as well as for the degenerated Go¨del-type (m2 6= 0 and ω = 0) we
have dim (H) = 4 , also in agreement with the previous section.
To conclude, we should like to emphasize again that the results of this work hold for
any five-dimensional locally homogeneous Riemannian Go¨del-type manifold, regardless of
the underlying 5D Kaluza-Klein-type theory of gravitation one may be concerned with.
This gives a measure of the generality of our results in the context of these theories, in
which the 5D Riemannian manifolds are the underlying arena for the formulation of the
physical laws.
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